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I. INTRODUCTION
Recent experimental results strongly suggest that further progress in obtaining thermonuclear reactor grade plasmas in either tokamaks or reversed-field pinches ͑RFPs͒ is dependent on the development of some reliable method for controlling the amplitudes of relatively low mode-number tearing modes, resonant within the plasma. [1] [2] [3] [4] [5] Tearing modes are naturally unstable in toroidal magnetic fusion devices: 6 they are driven by radial gradients in the plasma current density 7 and plasma pressure, 8 and generally saturate at relatively low amplitudes ͑i.e., B /BՇ1%). [9] [10] [11] [12] As the name suggests, ''tearing modes'' tear and reconnect magnetic field lines to produce helical chains of magnetic islands inside the plasma. Such island chains degrade plasma confinement because both heat and particles are able to travel radially from one side of an island chain to the other by flowing along magnetic field lines, which is a relatively fast process, instead of having to diffuse across magnetic flux surfaces, which is a relatively slow process. 13 Currently, one of the most promising options for controlling tearing mode amplitudes in toroidal fusion devices is active feedback by means of externally applied, helical magnetic perturbations. Active control has already been implemented in a handful of tokamak experiments, [14] [15] [16] with some degree of success. Unfortunately, it is highly doubtful whether an active magnetic feedback system would be feasible in a reactor environment. As is well known, a magnetic island chain naturally locks to a resonant magnetic perturbation in a helical phase such that the perturbation has a destabilizing effect on the chain. In fact, the stabilizing phase is dynamically unstable. The typical time scale for the development of the so-called phase instability, 17 which causes an island chain in a stabilizing phase relation with a resonant perturbation to switch to a destabilizing relation, is only a few milliseconds. Thus, an active feedback system must be capable of modifying the phase of the applied magnetic perturbation on such a time scale in order to maintain a stabilizing phase relation. This inevitably implies that the coils that generate the feedback signals must be located inside any of the conducting structures surrounding the plasmaotherwise, the signals would be shielded from the plasma by eddy currents. Unfortunately, placing feedback coils this close to a thermonuclear plasma is essentially impossible in a reactor environment-the necessary shielding to protect the coils from the neutron and heat flux emanating from the plasma, not to mention the mechanical support structure required to prevent the coils from being ripped off during a plasma disruption, would simply not fit in the available space.
Suppose, for the sake of argument, that it were possible to design an external magnetic perturbation with the singular property that a magnetic island chain would lock to it in a stabilizing phase. We could control the amplitude of the island chain, using such a perturbation, without the need for fast phase modulation, because there would be no need to overcome the phase instability. This type of magnetic feedback would be feasible in a reactor environment, since the coils needed to generate the perturbation could be placed outside the conducting structures surrounding the plasma, where they could be properly shielded. Our aim in this paper is to demonstrate that the novel scenario just outlined is actually a real possibility. This paper is organized as follows. In Secs. II and III, we take the rigorous perturbation analysis of Thyagaraja ͑1981͒, 11 which describes the nonlinear saturation of an m,n magnetic island chain, and extend it slightly to deal with a general toroidal pinch equilibrium ͑rather than just a tokamak equilibrium͒, island evolution on a resistive time scale, and nonlinear coupling of the island chain to lm,ln magnetic perturbations ͑for lϾ1͒. We note, in passing, that Norris ͑1989͒ 18 has published a paper criticizing Thyagaraja's approach. We fully concur with Thyagaraja's rebuttal of these criticisms. 19 In Sec. IV, we demonstrate that as a tearing mode gradually becomes more unstable, and its saturated amplitude consequently increases, its island flux surfaces undergo a sequence of nonlinear distortions in which they are skewed radially, and, to a lesser extent, elongated in the direction of increasing helical angle. Finally, in Sec. V, we show that the nonlinear effects that are responsible for these distortions profoundly modify the island dynamics in the presence of a special class of externally generated magnetic perturbation. A perturbation of this class is made up predominantly of lm,ln ͑where lϾ1͒ helical magnetic fields, with a much smaller m,n component. It is possible to adjust the relative amplitudes and phases of these components in such a manner that an m,n island chain of sufficiently large amplitude will lock to the perturbation in a stabilizing phase. We call such a perturbation a ''designer'' error field. Here, we use the term ''error field,'' rather loosely, to refer to a static, externally generated, magnetic perturbation.
Incidentally, we note that Chu et al. 20 have previously published a paper investigating the effect of lm,ln external magnetic perturbations on the growth of an m,n magnetic island. Both the method adopted and the results obtained in the Chu paper differ substantially from those reported here.
II. PRELIMINARY ANALYSIS
A. Plasma equilibrium
Consider a large aspect ratio, 21 zero-␤, 22 plasma equilibrium whose unperturbed magnetic flux surfaces map out ͑al-most͒ concentric circles in the poloidal plane. Such an equilibrium is well approximated as a periodic cylinder. Suppose that the minor radius of the plasma is a. Standard cylindrical polar coordinates (r,,z) are adopted. The system is assumed to be periodic in the z direction, with periodicity length 2R 0 , where R 0 is the simulated plasma major radius. It is convenient to define a simulated toroidal angle ϭz/R 0 .
The equilibrium magnetic field is written B ϭ͓0,B (r),B (r)͔, where "∧Bϭ(r)B.
B. Newcomb's equation
The magnetic perturbation associated with an m,n tearing mode ͑i.e., a mode with m periods in the poloidal direction, and n periods in the toroidal direction͒ can be written as
where ϭmϪn is a helical angle. Of course, the physical perturbation is the real part of the above expression. In this paper, it is assumed that mϾ0 and n 0. The linearized magnetic flux function m,n (r,t)ϵϪirb r m,n satisfies Newcomb's equation,
where
and ⑀ϭr/R 0 . As is well known, Eq. ͑2͒ is singular at the m/n rational surface, minor radius r s , which satisfies F(r s )ϭ0, where F(r)ϵmB (r)Ϫn⑀(r)B (r). This singularity is resolved by the presence of a thin nonlinear/nonideal region ͑i.e., a magnetic island chain͒ centered on the rational surface.
C. Asymptotic behavior of m,n in the vicinity of the rational surface
Let xϭ(rϪr s )/r s . The most general solution of Eq. ͑2͒ in the vicinity of the rational surface that is consistent with the physical requirement that b r m,n be continuous across the island region is written as
and Јϵd/dr. Here, ⌿ m,n represents the reconnected magnetic flux at the m,n rational surface, whereas ⌬⌿ m,n is a measure of the m,n helical current flowing in the vicinity of this surface. The quantity A m,n has no particular physical significance. Note that ⌿ m,n , ⌬⌿ m,n , and A m,n are all complex quantities.
D. Island region
Let us assume the existence of an m,n helical quasiequilibrium in the immediate vicinity of the rational surface. This is equivalent to the assumption that all quantities in this region are functions of r, , and t alone. The equations governing the quasiequilibrium are ""Bϭ0, ͑8͒
""Vϭ0, ͑9͒
"∧Bϭ 0 J, ͑10͒
J∧Bϭ0, ͑11͒
EϩV∧BϭJ, ͑12͒
where E, B, J, and V are the electric field, magnetic field, current density, and plasma velocity, respectively, and is the ͑constant͒ parallel electrical resistivity in the vicinity of the rational surface. Note that plasma inertia, viscosity, and pressure are all neglected in this calculation. Without loss of generality, we can write
where , , B ʈ , and V ʈ are functions of r, , and t only. Here,
, whereas n (r)ϭC(0,n⑀,m). Note that B""ϭV""ϭ0, so and are the magnetic flux function and velocity streamfunction, respectively. Incidentally, we are able to express the B and V fields in above forms because all of the Fourier harmonics included in our calculation share the same helicity: i.e., the same ratio of poloidal to toroidal mode numbers.
It is easily demonstrated that
where E ʈ ϭn "E, and J ʈ ϭn "J. It is also possible to show that
Now, we can write
where 0 (r)ϭϪ͐ r s r F(rЈ)drЈ and H 0 (r)ϭ(n⑀B ϩmB ).
Taylor expansion of 0 and H 0 about rϭr s yields
with
Finally, the scalar product of n with the perturbed Ohm's law gives
where ␦ϭϪ 0 and ␦HϭHϪH 0 .
The complete set of island equations ͓i.e., Eqs. ͑16͒, ͑19͒, and ͑25͔͒ takes the form
E. Normalized boundary conditions
Let
Our fundamental normalizations are
where ⌿ 1 (t) is assumed to be real, and
is our expansion parameter. Let
Here, ⌿ l , ⌬⌿ l , and Â l are all designed to be O(1) quantities. Equations ͑5͒, ͑20͒, and ͑22͒ yield the following expression for the normalized magnetic flux function at the boundary of the island region:
͑38͒
Here, the subscripts r and i refer to real and imaginary parts, respectively. Moreover, Ã ϭA m,n Ϫ 0 Ϫ 1 ϳO (1), and
F. Normalized island equations
Equations ͑26͒-͑28͒ reduce to the following set of normalized island equations:
where ␦ ϭ␦/⌿ 1 , and
Here, R ϭr s 2 0 / is the resistive evolution time scale in the vicinity of the rational surface. In accordance with Rutherford ͑1973͒ 9 and Thyagaraja ͑1981͒, 11 we assume that 4 ϳO(1).
III. ASYMPTOTIC MATCHING
A. Introduction
Our task, in this section, is to solve the island equations, ͑43͒-͑45͒, and asymptotically match this solution to the boundary condition ͑38͒. Let us, first of all, adopt the following expansions:
Note that B ʈ 0 ϭ( 2 Ϫ1)/ 3 . Incidentally, it is clear from Eq. ͑45͒ that B ʈ 1 ϭB ʈ 2 ϭB ʈ 3 ϭ0. In the following, the terms on the right-hand side of Eq. ͑48͒ will be referred to as zerothorder, first-order, second-order, and third-order terms, respectively. We shall develop our matched island solution order by order.
B. Zeroth-order matching
To zeroth-order, Eqs. ͑43͒ and ͑44͒ yield
It follows that
Ϫcos ͪ .
͑53͒
As is well known, the above flux function maps out a chain of magnetic islands, centered on the rational surface, of maximum radial width,
The separatrix lies at 0 ϭϪ1. Moreover, the island O points and X points lie at ϭ j2 and ϭ(2 jϪ1), respectively, where j is an integer. ͑See Fig. 1 .͒ Note that ␦ 0 ϭcos .
͑55͒
C. First-order matching
To first order, Eqs. ͑43͒ and ͑44͒ yield
This higher-order term gives rise to a slight distortion in the island structure, displacing the X points radially in one direction, and the O points in the opposite direction. ͑See Fig. 2 .͒
D. Flux-surface averaging
It is helpful to define a set of island coordinates:
ϭmϪn. ͑60͒
To lowest order, the island separatrix lies at ⍀ϭ1. The fluxsurface average operator ͗¯͘ is defined as
where X(,⍀, 0 )ϭ0. It is easily demonstrated that
irrespective of the form of .
E. Higher-order matching
Flux-surface averaging of Eq. ͑43͒ yields
Island flux surfaces calculated from Eq. ͑101͒, using the parameters listed in Table I . The stability index for the fundamental harmonic takes the value E 1 ϭ0.
FIG. 2.
Island flux surfaces calculated from Eq. ͑101͒, using the parameters listed in Table I . The stability index for the fundamental harmonic takes the value E 1 ϭ5.
where the subscript ͑0͒/͑1͒ on a flux-surface average indicates that the average in question must be calculated with evaluated to zeroth/first order. As is easily demonstrated, to first order,
F. Second-order matching
yields
͑69͒
At large ͉X͉, this expression reduces to
͑70͒
The second term on the right-hand side should properly be included in the large ͉X͉ expansion of Ĵ 3 . According to Eq. ͑44͒,
Hence, at large ͉X͉,
͑72͒
Integrating, and matching to Eq. ͑38͒ at O(
), we obtain
G. Third-order matching
Equation ͑68͒ yields
where 5 ϭ 0 2 ϩ 4 . At large ͉X͉, this expression reduces to
͑75͒
According to Eq. ͑44͒,
Here, we have included the ( 1/2 ln
) contribution from the large ͉X͉ expansion of Ĵ 2 . Hence,
According to Eq. ͑38͒, at large ͉X͉,
At this stage, we have matched all terms in Eq. ͑38͒, except for those involving ⌬⌿ l .
H. Evaluation of ⌳ l
It is clear from Eq. ͑74͒ that Ĵ 3 ϭĴ 3 (X,cos ). Hence, it follows from symmetry, and Eq. ͑80͒, that
for all lϾ0. In other words, the ⌬⌿ l are real quantities. Let
for all lϾ0. Furthermore, let
It follows from Eq. ͑79͒ that
for lϭ0,...,ϱ. Hence,
Here, we have made use of the fact that Ĵ 3 is an even function of X. Note that we require ⌳ 0 ϭ0 for self-consistent matching. It follows that
͑87͒
Finally, changing to island coordinates, we obtain
Computation of the above integral gives the ⌳ l values listed in Table I . Note that ⌳ 0 ϭ0, in accordance with our earlier requirement.
I. Evaluation of ⌬⌿ l
Equations ͑36͒, ͑47͒, ͑54͒, and ͑82͒ yield
for lϾ0, assuming that ⌿ 1 is real. Let us now relax this restriction. Suppose that
where ⌿ 1 and 1 are both real. As is easily demonstrated, the generalization of Eq. ͑89͒ is
͑91͒
for lϾ0. For the case lϭ1, the above formula is similar to that obtained previously by Thyagaraja. 11 However, the extension of this formula to cover lϾ1 is a new result.
IV. NONLINEAR ISLAND COUPLING
A. Introduction
Our aim in this section is to investigate the growth and saturation of an n,m tearing mode in light of Eq. ͑91͒. In particular, we shall be interested in quantifying the coupling of the m,n harmonic-which we shall refer to as the fundamental, or lϭ1, harmonic-to the various lm,ln harmonics ͑where lϾ1͒-which we shall refer to as overtone, or lϾ1, harmonics-via nonlinear effects in the island region.
B. Perturbed magnetic field
The perturbed magnetic field in the outer region ͑i.e., everywhere apart from the island region͒ can be written as 
͑94͒
can be identified as the standard linear stability index 6 for the lm,ln tearing mode. In this paper, it is assumed that E 1 Ͼ0 and E l Ͻ0 ͑for lϾ1͒. In other words, the fundamental harmonic is linearly unstable, whereas the overtone harmonics are linearly stable.
C. Asymptotic matching
Equation ͑91͒ encapsulates the nonlinear physics in the inner region: i.e., the island region. Standard asymptotic matching between the inner and outer regions yields
for all lϾ0. For the fundamental harmonic, lϭ1, Eqs. ͑91͒ and ͑95͒ reduce to the well-known Rutherford island evolution equation,
The second term on the right-hand side of the above formula is a nonlinear saturation term similar in form to that first obtained heuristically by White et al. ͑1977͒ 10 and rigorously by Thyagaraja ͑1981͒.
11
According to Eq. ͑96͒, a linearly unstable m,n tearing mode for which
grows algebraically on a resistive time scale, and eventually saturates at an island width W 0 , satisfying 
Of course, we require W 0 Ӷr s in order for the ''thin island'' ordering adopted in the earlier part of this paper ͑i.e., Ӷ1͒ to remain valid. For the overtone harmonics, lϾ1, Eqs. ͑91͒ and ͑95͒ reduce to
where ⌿ 1 and 1 are defined in Eq. ͑90͒. The above expression specifies the amplitude and phase of the overtone harmonics generated, from the fundamental harmonic, via nonlinear coupling in the island region. In general, the amplitudes of the lϾ1 harmonics are significantly smaller than that of the lϭ1 harmonic, since lE 1 ⌳ l Ӷ(ϪE l )⌳ 1 ͑for lϾ1͒. It follows, from Eq. ͑93͒, that the perturbed magnetic field in the outer region consists of an lϭ1 field, plus a relatively small admixture of lϾ1 fields.
D. Island flux surfaces
The magnetic flux function in the island region is written ͓see Eq. ͑20͔͒ as ϭ 0 ϩ␦. ͑100͒
Let ϭ/⌿ 1 . It follows that for a saturated island chain,
where ЈϭϪ 1 . Note that the second term on the righthand side of the above expression corresponds to the 1 correction calculated in Sec. III C. It can be seen that the island flux function (X,), defined in Eq. ͑101͒, is parametrized by E 1 -the linear stability index of the fundamental harmonic. For a weakly unstable tearing mode that saturates at a relatively low amplitude, E 1 is small, and the nonlinear corrections to ͓i.e., the second and third terms on the right-hand side of Eq. ͑101͔͒ are unimportant. However, as the mode becomes more unstable and, consequently, saturates at a higher amplitude, E 1 increases, and the nonlinear corrections to become more significant.
As an illustration of the effect of these nonlinear corrections, let us consider a saturated mϭ2, nϭ1 tearing mode in a large aspect ratio ͑i.e., ⑀ s →0͒, zero-␤ tokamak equilibrium characterized by (r)ϭ 0 ͓1Ϫ(r/a) 2 ͔
2.765
. The values of the ''safety factor'' at the center and edge of this equilibrium are q 0 ϭ0.85 and q a ϭ3.2, respectively. Furthermore, the radius of the 2, 1 rational surface is r s ϭ0.7787a, the radius of the conducting shell is cϭ1.15a, and the saturation parameter 0 takes the value Ϫ8.515. The values of the linear stability indices, E l , for the fundamental and overtone harmonics are listed in Table I . Note, that E 1 Ͼ0 and E l Ͻ0 ͑for lϾ1͒, as previously assumed. In the following, we shall treat E 1 as a variable parameter, while assuming that all of the other parameters listed in Table I remain fixed. This treatment is justified, to some extent, because E 1 is far more sensitive to slight local ͑to the rational surface͒ changes in the current profile than any of the other parameters. For instance, we note that the overtone harmonic stability indices, E l ͑for lϾ1͒, listed in Table I , lie fairly close to their vacuum values, Ϫ2lm ͑i.e., the values obtained by completely neglecting the effect of the plasma current͒. Figure 1 shows island flux surfaces calculated using formula ͑101͒, and the parameters listed in Table I , for a lowamplitude, saturated tearing mode characterized by E 1 ϭ0. In this case, the nonlinear corrections are negligible, and the flux surfaces map out a conventional chain of symmetric magnetic islands. Figure 2 shows the corresponding flux surfaces for a higher-amplitude tearing mode characterized by E 1 ϭ5. It can be seen that the nonlinear corrections have the effect of radially skewing the island chain, such that it is flattened on the inner side of the rational surface, and distended on the outer side. This ''skew'' in the island structure is generated by the ''current gradient'' term ͑i.e., the second term on the right-hand side͒ in Eq. ͑101͒. In order to visualize the much smaller distortions in island structure generated by the overtone harmonic term ͑i.e., the third term on the right-hand side͒ in Eq. ͑101͒, we have suppressed the ''skew'' term in Fig. 3, and increased E 1 to 10 . It can be seen that the overtone harmonic distortion acts to elongate FIG. 3 . Island flux surfaces calculated from Eq. ͑101͒, using the parameters listed in Table I . The ''skew'' term has been neglected. The stability index for the fundamental harmonic takes the value E 1 ϭ10.
the island flux surfaces along the direction of ".
We conclude that as a tearing mode gradually becomes more unstable, and its saturated amplitude consequently increases, its island flux surfaces undergo a sequence of nonlinear distortions in which they are skewed radially, and, to a lesser extent, elongated in the direction of an increasing helical angle. As we shall see, the nonlinear effects that are responsible for these distortions can profoundly modify the island dynamics in the presence of a particular class of externally generated magnetic perturbation.
V. MULTIHARMONIC ERROR FIELDS
A. Introduction
In the previous section, we demonstrated that a saturated m,n tearing mode is weakly coupled to overtone magnetic perturbations-i.e., perturbations whose mode numbers are lm,ln ͑for lϾ1͒-via nonlinear physics in the island region. It seems plausible, therefore, that such a mode should respond-albeit, weakly-to an externally generated lϾ1 magnetic perturbation-i.e., an lϾ1 ''error field.'' Obviously, an m,n mode will also respond strongly to an lϭ1 error field. Let us investigate the dynamics of an m,n magnetic island chain in the presence of a stationary error field that is a superposition of lϭ1 and lϾ1 magnetic perturbations.
B. Error-field characteristics
Suppose that, in the absence of plasma, the error-field takes the form
be ͑l times͒ the lm,ln Fourier harmonic of the error-field flux function, ␦ vac , evaluated just inside the conducting shell ͑i.e., at rϭc͒. It is simplest to imagine that the error field is either generated externally, and filters through thin gaps in the shell, or is produced via a helical displacement of the shell. We can write
where ⌽ l and ␣ l are both real.
C. Asymptotic matching
In the presence of the error-field, standard asymptotic matching yields 24 ⌬⌿
for lϾ0, where
Here,
where I m and K m represent standard modified Bessel functions. Furthermore, ⑀ a ϭa/R 0 and ⑀ c ϭc/R 0 . For lϭ1, Eqs. ͑91͒ and ͑105͒ can be combined to give the error-field modified Rutherford island evolution equation:
where ϭ 1 Ϫ␣ 1 is the island phase relative to that of the lϭ1 error field. Note that, to lowest order, only the lϭ1 component of the error field has any influence on the island width. Now, the net toroidal electromagnetic torque exerted on the island region by the error field takes the form
Equations ͑91͒, ͑105͒, and ͑109͒ can be combined with the above expression to give
where ␦ l ϭ␣ l Ϫl␣ 1 , and
Note that the lϾ1 components of the error field contribute to the torque. According to the above analysis, the lϾ1 components of the external error field are able to penetrate freely into the island region, and beyond ͑i.e., into the plasma core͒. The reason for this is that the presence of lϾ1 flux in the island region gives rise to a shape distortion of the island flux surfaces, but does not drive magnetic reconnection ͑see Sec. IV͒. Of course, flux surface shape distortions take place on the ͑effectively instantaneous͒ hydromagnetic time scale, whereas reconnection proceeds on a much slower time scale. Note, however, that this result is strongly dependent on the orderings made in Sec. II. In particular, on the assumption that the amount of lϾ1 flux in the island region is small compared to the amount of lϭ1 flux ͓see Eq. ͑35͔͒.
D. Island dynamics
Since we are neglecting both plasma flow and viscosity in this paper, we expect the island chain to simply lock to the error field in a stable phase characterized by ␦T EM ϭ0. The simplest method of distinguishing stable and unstable phases is to write an island equation of motion that incorporates phenomenological inertia and damping terms. For instance,
͑113͒
Here, and are positive constants, and the term in large parentheses represents the normalized toroidal electromagnetic torque. Incidentally, we are assuming that the second term on the right-hand side of Eq. ͑112͒ is small, for the sake of simplicity, so that we can make the approximation Ẽ 1 ӍE 1 . It is helpful to associate a locking potential with the normalized torque. This is achieved by writing the above equation in the form
The potential V lock () is given by
The island dynamics is now trivial: the island chain locks to the error field at a phase that corresponds to a local minimum of the above potential. Note that as the chain becomes intrinsically more unstable ͑i.e., as E 1 gets bigger͒, and, therefore, grows to a larger saturated amplitude, the contribution of the lϾ1 harmonics of the error field to the locking potential increases. It is fairly straightforward to reconstruct the error field that generates the locking potential specified in Eq. ͑115͒. For instance, the normalized radial error field ͑in vacuum͒ just inside the shell takes the form
where 0 ϭϪ␣ 1 . Here, the field is conveniently normalized such that its lϭ1 component has amplitude unity.
E. Example calculation
Consider an mϭ2, nϭ1 tearing mode in a large aspect ratio ͑i.e., ⑀ s →0͒, zero-␤ tokamak equilibrium that is characterized by (r)ϭ 0 ͓1Ϫ(r/a) 2 ͔
2.765
, q 0 ϭ0.85, and q a ϭ3.2. The ⌳ l , E l , and A l values for such a mode are listed in Table I . Let us investigate the dynamics of the associated 2,1 saturated magnetic island chain moving in the following locking potential:
V lock ͑ ͒ϭϪcos ϪE 1 ͑ Ϫ1.4612 cos 2ϩ0.5 cos 3 ͒. ͑117͒
Note that this potential is generated from an error field that contains just three helical harmonics: namely, lϭ1, 2, and 3. Figure 4 plots the above potential for the case of a small-, medium-, and large-amplitude island chain-i.e., for E 1 ϭ0, E 1 ϭ1, and E 1 ϭ3, respectively. For the small-amplitude case, E 1 ϭ0, the lϾ1 harmonics of the error field make no contribution to the locking potential, which is consequently a pure sinusoid with a minimum at ϭ0. Hence, we expect the island chain to lock at ϭ0. Note, from Eq. ͑109͒, that the error field has a destabilizing effect on the chain whenever Ϫ/2ϽϽ/2, and a stabilizing effect otherwise. It is clear, therefore, that the island chain locks to the error field in the most destabilizing phase. Of course, this is a well-known result.
For the medium amplitude case, E 1 ϭ1, nonlinear coupling in the island region allows the lϾ1 harmonics of the error field to contribute to the locking potential. The modification of the potential is profound. The low-amplitude locking point, ϭ0, becomes unstable ͑i.e., ϭ0 is now a maximum, rather than a minimum, of the potential͒, and there are two new locking points located in the stabilizing region, i.e., ͉͉Ͼ/2. For the large-amplitude case, E 1 ϭ3, the situation is, more or less, the same, except that the locking points have rotated even farther into the stabilizing region.
We conclude that the locking potential ͑117͒ has a number of remarkable properties. At low amplitude, a resonant island chain locks to this potential in the most destabilizing phase-which is the conventional result. However, as the chain grows to larger amplitude, the potential is modified by nonlinear effects in such a manner that the locking point ͑i.e., the minimum of the potential͒ gradually rotates, until it is located in a stabilizing phase. Of course, the parameters in Eq. ͑117͒ have been carefully chosen to produce just such an effect. Figure 5 shows the normalized, radial, vacuum magnetic perturbation, calculated just inside the shell, which generates the locking potential ͑117͒. This perturbation can be written as ␦B r vac ͑ 0 ͒ϭsin 0 ϩ189.75 sin 2 0 ϩ1456.8 sin 3 0 .
͑118͒
It can be seen that the perturbation consists predominantly of an lϭ3 field, with a small lϭ2 component. Moreover, the lϭ1 component, whose amplitude is normalized to unity, is very much smaller in size than the other components. The reason that the lϾ1 components of the perturbation are much larger than the lϭ1 component is partly because l Ͼ1 fields decay more rapidly into the plasma than an lϭ1 field, and partly because the nonlinear coupling of lϭ1 and lϾ1 harmonics in the island region is comparatively weak. It should be noted that the 2, 1 tearing mode specified in Table  I is not particularly unstable: E 1 ϭ2.826 corresponds to a saturated island width of W/r s ϳ0.5%. For a more unstable mode-destabilized, for instance, by the perturbed bootstrap current 8 -which attains a saturated amplitude of W/r s ϳ5%, we could reduce the amplitudes of the lϭ2 and l ϭ3 components in Eq. ͑118͒ by an order of magnitude, and the error field would still generate the locking potentials shown in Fig. 4 .
The magnetic perturbation shown in Fig. 5 is an example of what we term a ''designer'' error field. The relative amplitudes and phases of the helical components of this field have been carefully chosen such that a resonant magnetic island chain will lock to the field in a stabilizing phase when the chain grows to a sufficiently large amplitude. As discussed in the Introduction, it would be feasible to use such error fields to control the growth of tearing modes in tokamak or RFP reactors.
VI. SUMMARY
We have demonstrated, for the first time, the possibility that a magnetic island chain in a toroidal magnetic fusion device could lock to a special class of external magnetic perturbation in a stabilizing phase. As we have pointed out, it would be feasible to employ such perturbations to control tearing mode amplitudes in a reactor environment. Our analysis is, by no means, comprehensive. Undoubtedly, a lot more research will be needed in order to transform the ideas contained in this paper into reality. Nevertheless, our initial results are extremely exciting!
